The bisector of two nonempty sets X and Y in R 2 is defined as
The bisector of two nonempty sets X and Y in R 2 is defined as
where dist(z, X) = inf x∈X dist(z, x) denotes the Euclidean distance of z from a set X. For any integer k ≥ 2, a distance k-sector (or simply k-sector ) of distinct points p, q ∈ R 2 is a (k − 1)-tuple (C 1 , . . . , C k−1 ) of nonempty subsets of R 2 such that
where C 0 = {p} and C k = {q}. For example, there is a 4-sector of two points that consists of a line and two parabolas (Fig. 1) . We prove that this is the only one:
Theorem 1. The 4-sector between two points in the Euclidean plane is unique.
The notion of distance k-sectors was introduced by Asano and Tokuyama [4] in 2004, motivated by a question about circuit board design. Asano, Matoušek and Tokuyama [3] showed the existence and uniqueness of the 3-sector (trisector). Despite the simple definition, some k-sectors do not seem to be easy to construct. In particular, the 3-sector is not algebraic [8] .
k-sectors exist in a fairly general setting and for a relatively simple reason: Reem and Reich [9] used the Tarski fixed point theorem to prove the existence of a closely related object called double zone diagrams. Applying this idea, Imai et al. [6] proved the existence of a k-sector for any k on any sets P , Q (instead of {p}, {q}), and for a general class of metric spaces. Uniqueness is harder to prove. The uniqueness of the 3-sector was extended to the general case where P , Q can be any disjoint nonempty closed sets [7] (in fact, they proved the uniqueness of the zone diagram [2] , a generalization of 3-sectors where we start with many sets instead of just two sets P , Q). Unlike existence, uniqueness relies on the properties of the Euclidean norm, and indeed fails for, say, the l 1 norm [1, 7] . It remains open [6, Conjecture] whether k-sectors, for k ≥ 4, are unique even in the Euclidean plane. Theorem 1 answers this for k = 4 (and points p, q).
Proof sketch. Suppose that there are two different k-sectors (C i ) i and (Ĉ i ) i , then there is a gap somewhere between the curves C i andĈ i . Since they both satisfy equation (2), we must have another gap somewhere between C i−1 andĈ i−1 or between C i+1 andĈ i+1 , which is not too small compared to the original gap. From some observations about the size and location of the new gap, we derive contradiction by arguing that this process of finding a new gap cannot go on forever because it causes the gap to grow too big to fit where it must be. * The full version of this abstract has been accepted for publication in the proceedings of ISAAC 2013 [5] . This rough intuition is common to the proof of 3-sector uniqueness in [7] , but there is a lot of room for creativity as to how we define the size of the gap between two curves at a point. The proof in [7] used a clever way to measure the gap under which the gap always grows bigger, but this measure of the gaps only makes sense for 3-sectors. We measure the gap much more simply, by the difference between the y-coordinates of the two curves at a common x-coordinate. The downside is that under this measure, the gap gets bigger only when the involved parts of the curves lie in certain configuration. This necessitates some detailed argument that certain part of 4-sector indeed has this configuration and that the uniqueness of this part of the 4-sector can then be extended gradually to other parts.
Although we tried to simplify our proof, it is frustrating (and intriguing) that the uniqueness of such a seemingly basic object needed several pages to prove. The main idea was to argue that if there are two ksectors that differ at some point, there must be another point where they differ "more", in terms of some measure of the difference. But to implement this idea, we had to resort to calculation that relied on the special setting of k = 4 and P , Q being points. It would be nice if this tedious calculation could be replaced by a simpler argument that works in more general settings.
